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Abstract 
Bielak, H., Graphs with special neighbourhood orderings of vertices, Discrete Mathematics 121 
(1993) 3-9. 
We study the problem of the existence of V-, N*- and V*-orderings in graphs. These orderings are 
defined in terms of I- and 2-vertex neighbourhoods in graphs. Two conjectures concerning V- and 
N*-ordering are formulated. A partial list of graphs without V*-ordering is presented. The relation 
between the class of cotolerance graphs and the classes of N*-perfect graphs and V*-graphs is 
established. 
1. Introduction 
Let G=( V(G), E(G)) be a simple graph. Let u1 <u2 < ... <u,, be an ordering of 
vertices of the graph G. We shall consider a simple vertex colouring method based on 
such an ordering. We colour the vertices consecutively concordantly with a given 
order assigning to each vertex the smallest available colour, i.e. zji gets the smallest 
colour which has not yet been used for neighbours Uj of t’i with j < i. 
An ordering v1 <v2 < ... <v, is called perfect for a graph G if for any subgraph G’ of 
G the vertex colouring method above, based on the induced order in G’, gives an 
optimum colouring, i.e. a colouring using a minimum number of colours. 
A path P4 on vertices a, b, c, d with edges ah, bc, cd and an ordering a < b < d < c is 
called an obstruction. 
Chvatal [Z] proved that an ordering of vertices of a graph G is perfect for G if and 
only if it does not contain any obstruction. 
A graph which has a perfect ordering is called peyfectly orderable, i.e. a graph is 
perfectly orderable if and only if there exists an ordering of its vertices without any 
obstruction. The concept of perfectly orderable graphs is due to Chvatal [2]. 
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A graph G is tolerance if there exists a collection {I,: XE V(G) f of closed intervals on 
the real line and a collection {tX: XE V(G)} of positive integers such that ~~EE(G ) iff 
the length of I,n I, is not less than min{t,, ty }. The concept of tolerance graphs is due 
to Golumbic et al. [S]. 
Let distc(x, y) be the distance between vertices x and y in a graph G, i.e. the length 
of a shortest path connecting x and y in G. 
The neighbourhood N(x) of a vertex x in a graph G is the set of vertices defined as 
follows: 
N(x)={zcV(G): dist,(x, z)= 1). 
Let 4 denote the vicinal preorder on the set of vertices of a graph G defined as 
follows: 
x+y iff N(x)zN(y)ujy). 
An ordering v1 <v2 < ... <L’, of the vertices of a graph G is called V-ordering for G if 
the following condition holds: 
i < ,i whenever (vi fi l;j and Uj # ai). 
for i,j=l,..., n. 
A graph G is called V-perfect if every V-ordering of its vertices is perfect for G. 
In [4], necessary and sufficient conditions are given for a graph G and all its 
induced subgraphs to be V-perfect. 
Cochand and de Werra [4] introduced the following generalization of the vicinal 
preorder: 
Let N*(x)= {ZE V(G): distc(x, z)= 1 or dis&(x, z)=2). 
Let 9 be a preorder on the set of vertices of a graph G defined as follows: 
x-*I-(y iff N*(x)gN*(y)u{y}. 
We call 9 the *-vicinal preorder on the set of vertices of a graph G. 
An ordering vr < v2 < ... <v, of the vertices of a graph G is called N *-ordering for 
G if the following condition holds: 
i< j whenever (vi p Vj and vj & vi), 
for i,j=l,..., n. 
A graph G is called N*-perfect if every N*-ordering of its vertices is perfect. 
In [1,4] necessary and sufficient conditions are given for a graph G and all its 
induced subgraphs to be N*-perfect. 
Let us consider another generalization of the vicinal preorder on the set of vertices 
of a graph G. 
Let 
N,(x)={zE V(G): dist,(x, z)=2). 
Let 3 be a preorder on the set of vertices of a graph G defined as follows: 
x 3 y iff N,(x) G N*(y). 
Graphs with special nrighbourhood orderings qf urrticr.s 5 
We call q the 2-vicinal preorder on the set of vertices of a graph G. 
An ordering v1 < u2 < ... < IJ, of the vertices of a graph G is called V *-ordering for 
G if the following condition holds: 
i< j whenever (vi tZ1_ vj and “j &- ui), 
for i,j=l,..., n. 
A graph G is called V*-perfect if every V*-ordering of its vertices is perfect. 
In [l], necessary and sufficient conditions are given for a graph G and all its 
induced subgraphs to be V*-perfect. 
2. Some remarks on the existence of V- and N*-orderings in graphs 
Let us state the following conjectures. 
Conjecture 2.1. If there does not exist a V-ordering of the vertices of a graph G, then 
there exists a subset {vl, . . . , u”} g V(G), 3 <n < 1 V(G) 1, such that 
ui k”i+l and Ui+l #Ui, for i=l,..., n, 
where indexes are taken modulo n. 
Conjecture 2.2. If there does not exist an N *-ordering of the vertices of a graph G, 
then there exists a subset { c’~, . . . , Q} c- V(G), 3 d II < 1 V(G) 1, such that 
uiF Oi+l and Ui+r fi Ui, for i=l,..., n, 
where indexes are taken modulo n. 
Theorem 2.3. If Conjecture 2.1 holds, then ,for each graph G, there exists a V-ordering 
of V(G). 
Proof. Suppose that G is a graph without a V-ordering of V(G). Then, by 
Conjecture 2.1, there exists a subset {ur, . . . . 0”) 5 V(G), 3 <n,< I V(G) 1, such that 
(a) 2)i t_Ui+r for i=l,...,n 
and 
(a’) Vi+l t+Ui for i=l,...,n. 
Let Y=N(1;,)-N(uZ)-{vz}. F rom (a’) we get Y#@ We can consider the following 
two cases. 
Case 1: Let UiUi+1 FE(G) for some ie{ 1,. .., PI>. Then from (a), we get that 
~jvi+l~E(G) for j= 1, . . ..n and j#i+ 1. This implies that UjUkEE(G) for k, j= 1, . . ..n 
andj#k. Therefore, Y~{u~,...,u,}=@. Let ye:. Then from(a), weget that yEN(Uj) 
for j=n, n- 1, . . . . 2, which contradicts the fact that JI$N(v,). 
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Case 2: Let UiUi+l #E(G) for all i~{l, . . . . n}. If ujE Y for some jG(3, . . . . n- l}, then 
from (a), we get that u~EN(u~) for k=j, j- 1, . . . . 2. This contradicts the fact that 
v,$N(u,).Therefore, Yn{ur, . . . , u,} =0. The rest of the proof is similar to the proof of 
case 1. Let ye Y. Then from (a), we get that yin for j=n, n- 1, . . . . 2, which 
contradicts the fact that y$N(u,). 
This completes the proof. 0 
Theorem 2.4. Jf Conjecture 2.2 holds then for each graph G there exists an N *-ordering 
of f’(G). 
Proof. Suppose that G is a graph without an N*-ordering of V(G). Then, by 
Conjecture 2.1 there exists a subset {ul, . . . , u,,} z V(G), 3 f n < ( V(G) (, such that 
(a) Ui pUi+, for i= 1, . . ..n 
and 
(a’) Ui+l )-+ ui for i=l,...,n. 
Let 
Yi=N*(~i)-N*(Ui+l)-(ai+1}. 
From (a’) we get that Y#@. We can consider the following two cases. 
Case 1: Let Vil’if 1 GE(G) for some i~{l, . . . . . n). Then from (a’) we get that 
N*(Ci)~N*(Vi+l)UIUi+1) 
and 




Simultaneously, from (a’) we get that Yi s N*(Ui~ r). This implies that Yi E N “(Oj) for 
j=l , . . . , n, which contradicts (*) for j = i + 1. 
Cuse 2: Let UiUi+,~E(G) for all iE{l, . . . , n}. If yEYi-{uI, . . . , u,} #O, then from (a) 
wegetthatyeN*(oj)forj=i-1 ,..., n,n-l,..., i + 2, i + 1, which is a contradiction of 
the definition of Yi. Therefore, we can assume that Yip {ur, . . . , u,,> -{vi, u~+~}. Let 
L’~E Y, for some jE(l, . . . , n)-(i, i+ 11. Hence, L’iEN*(Uj). From (a) we get that 
t’i+lEN*(ui). Therefore from (a) we get that dist(u,+r, u,)<2 for tell, . . . , n}, i.e. 
vi+rEN*(tl,) for t#i+ 1, which is a contradiction. 
This completes the proof. 0 
3. Examples of small graphs without a V*-ordering 
Theorem 2.3 (Theorem 2.4) is not extendable to V/*-orderings. A list of small graphs 
without a V*-ordering is presented in Fig. l(a) and (b). All these examples can be 
a 3 d 
f b 
c e 
Fig. l(a). A graph without a I ‘*-ordering. (a, C. h) is the set of vertices which cannot be ordered by any 
C’*-ordering. 
a 
Fig. I(b). A list ofgraphs without a I /*-ordering ju, h,c’,d) is the set of vertices which cannot be ordered by 
any V*-ordering. An arbitrary number ofelements ofthe set ofedges denoted by dotted lines may be absent 
in these graphs. 
obtained for the case when in a graph G wihtout a V*-ordering there exists a subset 
r ~ 
,L~, . . . . C.)C V(G), 3<n<4, such that 
Oi)-1 Di+l and L’i+ 1 ~ Ui for i=1,...,4, 
where indexes are taken modulo 4. 
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Theorem 3.1. There exists an infinite family of graphs without a V *-ordering of vertices 
Proof. Let G,, n> 1, be a graph obtained from the first graph of Fig. l(b) by 
introducing n new vertices adjacent to the vertices a and d. It is easy to see that there 
does not exist a V*-ordering of vertices of G,. 0 
4. Some questions 
Evidently the properties ‘to be a V *-perfect’ and ‘to be an N*-perfect’ graph are not 
hereditary. Fig. 2 presents a V*-perfect and an N*-perfect graph for which the 
induced subgraph obtained by deleting all vertices of degree one is neither V *-perfect 
and nor N*-perfect [l]. 
Cochand and de Werra [4] posed the following interesting problem. 
Question 4.1 (Cochand and de Werra [4]). Is the class of N*-perfect graphs contained 
in the class of cotolerance graphs? 
We answer this question and also the following one. 
Fig. 2. A V*-perfect and an N*-perfect graph 
H: 
(4 (b) 
Fig. 3. (a) H is not cotolerance and it is N*-perfect and V*-perfect; (b) A is not tolerance 
Question 4.2 (Bielak Cl]). Is the class of V*-perfect graphs contained in the class of 
cotolerance graphs? 
The answer to these two questions is ‘No’. Fig. 3(a) presents a graph H for which the 
order 1<2<3<1’<2’< 3’<1”<2”<3”<1*<2*<3* is an N*-ordering and a V*- 
ordering. Moreover, each N*-ordering < of the vertices of H satisfies the following 
property: i < j”, i” < j* and i’ < j", for i, j = 1,2,3. Each V *-ordering < of the vertices of 
H satisfies the following property: if< i*, i< j”, i” < j*, for i,j= 1,2,3 and i’cj”, for 
i, j= 1,2,3, i#,j. Notice that N*-orderings and V*-orderings do not generate an 
obstruction in H. Therefore, H is a V*-perfect and N*-perfect. The subgraph of 
H induced by the set { 1, l’, l”, 2,2’, 2”, 3,3’, 3” 1. is isomorphic to the complement of the 
graph A presented in Fig. 3(b). The graph A is not tolerant [S]. Since ‘tolerance’ is 
a hereditary property, the complement of H is not tolerant. Therefore, H is not 
cotolerant. 
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